PL UCKER RELATIONS AND SPHERICAL VARIETIES: APPLICATION TO 

MODEL VARIETIES 



ROCCO CHIRIVi AND ANDREA MAFFEI 



Abstract. A general framework for the reduction of the equations defining classes of spherical varieties 
to (maybe infinite dimensional) grassmannians is proposed. This is applied to model varieties of type 
A, B and C; in particular a standard monomial theory for these varieties is presented. 



1. Introduction 

A standard monomial theory for an algebra A over a field k is given by a set of generators A, together 
with a notion of standardness for monomials in A such that A is spanned by standard monomials as a 
k-vector space; further the relations in A writing non standard monomials in terms of standard ones, 
called straightening relations, are "upper triangular" (see Section[3]for details). One of the main purpose 
of standard monomial theory is to replace the knoweldge of the equations defining a variety by the order 
requirement in the straightening relations. Indeed in many situation this weaker property is enough 
to prove geometric results like normality, Cohen-Maculay property, degeneration results and others. 
Moreover the order structure of the straightening relations allows to prove that they are generators for 
the ideal defining the algebra A as a quotient of the symmetric algebra S(A). The first example of such 
a theory dates back to Hodge study in [9 of the grassmannian of fc-spaces in a n-dimensional vector 
space. 

A standard monomial theory for fiag and Schubert varieties has been developed over the years by 
Lakshmibai, Musili and Seshadri [12] , this program culminated in the work of Littelmann [13] (see also 
[3]) where such a theory is defined in the generality of symmetrizable Kac-Moody groups. 

At the same time, in [S] a standard monomial theory for the coordinate ring of SL„ was reduced to 
that of the grassmannian of n-spaces in a 2n-dimensional space. Next this result was generalized in 
various directions by many authors (see the introduction in [3] for further details). In our paper [3], we 
shown how a standard monomial theory for certain classes of symmetric varieties may be described in 
terms of the Pliicker relations of a suitable, maybe infinite dimensional, grassmannians. Moreover all 
previous known cases of this type of reduction are particular instances of our construction for symmetric 
varieties. 

The first purpose of the present paper is the development of a general framework for this reduction 
from the coordinate ring of a variety to the coordinate ring of a grassmannian. We propose how a suitable 
grassmannian for such process may be defined if we start with a spherical variety. However this proposal 
does not work in general for all spherical varieties, indeed various technical hypothesis must be met. It 
is however quite general and the hypothesis are fulfilled in many interesting cases. Let us explains our 
approach in more details. 

Let G be a semisimple and connected algebraic group and let H be an algebraic subgroup such that 
X = G / H \s spherical. Let A be the weight lattice and A+ the monoid of dominant weights with respect 
to a fixed maximal torus and Borel subgroup of G. Denote by f2+ the monoid of spherical weights, 
i.e. of dominant weights A such that the 7J-invariant subspace of the G-irreducible module V\ is 
non-zero. Our first hypothesis is that Vl^ is a free monoid; let ei,e2, • ■ • be its generators. Then the 
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coordinate ring ^ of X is generated by V*_^ , V*^ , ■ ■ ■ , V*^ . Our aim is to construct a standard monomial 
theory having as generators a basis of Vj,* © V^* © • • • © V^* . 

The main request is the existence of a Kac-Moody group K such that G is the semisimple part of a 
Levi of K with the following properties. There exists a suitable grassmannian T for K, a G-invariant 
Richardson variety TZ <Z J- and a line bundle C on J- such that X may be embedded in a completion of 
T, H"{n, C) ~ V*^ ®V;^®---(S) V*^ and ©„^oi^°(7^, C") is isomorphic to the coordinate ring of G/H 
as G-modules. In a way, this group if is a bigger group of "hidden" symmetries for X. 

Further we require the existence of an additive map gr : 17+ — > N such that the following compatibility 
with tensor product of spherical modules holds: for all /i, A, S il"*' such that V* C ® V* we have 
gr(zy) ^ gr(A + ^). We require also that the generators £i, £2, . . . , are linearly ordered by gr. Finally a 
certain compatibility between the function gr and the multiplication of sections in H^{F, C) is required. 

Once all such hypothesis are fulfilled we are able to prove that the relations among a basis of V*^ © 
V*^ © • • • © T4* may be described in terms of the Pliicker relations of J", and for this reason we call 
the above general framework pliickerization for X. Further a standard monomial theory for X may be 
described in terms of the standard monomial theory of TZ, see Theorem IB] Using this we see that X 
degenerates to 7?. in a G-equivariant flat way, see Corollary [T] 

The construction of if, J-, TZ, gr,... follows an empirical recipe. The main ingredients for this 
construction are suggested by the moltiplication rule of the modules V^* , V*^, . . . ,V*^: see Syml, Sym2, 
Modi, Mod2, Mods in Section [5] and Sphl, Sph2, Sph3 in Section [HI Once these objects are defined 
the verifications of the above technical hypothesis are very uniform for the different varieties in the 
applications. In particular this recipe hints how many nodes to add to the Dynkin diagram of G in order 
to obtain K; for the symmetric varieties just one node while for the model varieties and another class of 
spherical variety (see below) two nodes are needed. 

Our previous paper [3] follows the above general framework applying it to certain classes of symmetric 
varieties. Notice however that in that paper the proof of the existence of a standard monomial theory 
derived by that of the bigger group K is wrong; there we tacitly assumed that a certain map is G- 
equivariant and this is not the case in general. However Theorem [S] of this paper amends this gap. 

The second aim of this paper is the application of the above described framework to the model varieties 
of type A, B and C. A homogeneous model variety for a semisimple group G is a quasi affine variety 
whose coordinate ring is the sum of all irreducible representations of G with multiplicity one. These 
varieties were introduced by Gelfand in [1] and studied by Gelfand and Zelevinsky in [2 and |8]. In 
particular for a homogeneous model variety G/H we have — A+. 

In the cited papers the authors provided an embedding of the model varieties for classical groups as 
an open subset of a grassmannian of a bigger finite dimensional group; hence there are some similarities 
with our program. From the geometrical viewpoint the construction of Gelfand and Zelevinsky is more 
natural than our approach. However their embedding is not suitable for the application to the standard 
monomial theory having as generators a basis of V^* © V^* ® • • • © V*^ . Indeed it is for this purpose that 
we need to use a more complicated infinite dimensional grassmannian for model varieties of type B and 
C. The two approaches coincide for the model variety of type A for which we use a finite dimensional 
lagrangian grassmannian. 

Finally we present a further application of our framework to another class of spherical varieties listed 
as (15) in the paper |2] page 656. For this example the recipe for the construction of if is a bit different 
of the above reported one; we have included this class of varieties as an illustration of how our program 
may be applied in other cases. 

The paper is organized as follows. In Section [5] we introduce some general notations and symbols 
we use in the other sections. In Section [3] we review the standard monomial theory structure for flag, 
Schubert and Richardson varieties. Moreover we introduce the class of ridge Richardson varieties which 
plays a fundamental role in our theory. In Section |4] we present a general framework for the reduction 
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of the equations of certain varieties to those of a suitable grassmannian. In the next Section [S] we apply 
this construction to the case of model varieties of type A, B and C. Finally, as an example of possible 
further applications, we see in Section [5] how our theory may be applied to another class of spherical 
varieties. 

Acknowledgements. We would like to thank Paolo Bravi for useful conversations. 

2. General assumptions, conventions and notations 

All groups, varieties and ind- varieties are over a fixed algebraically closed field k of characteristic zero. 

We denote hy K a Kac-Moody group constructed as in Kumar's book [TU] ch. VI, and we denote with 
^ its Lie algebra; we always assume that K is symmetrizable. Further we use the following notations 
and make the following assumptions: 

• Tk C Bji C K are a maximal torus and a Borel subgroup of K, respectively, and C bx are 
their Lie algebras; 

• Aa' is the character lattice of Tk and C A is the set of roots; 

• Ak C is the set of simple roots determined by Bk and for each a e A^r we denote by 

e Ik the corresponding coroot; 

• we assume that there exists a set of fundamental weights in A^-: that is a set {uja ■ ot G A^-} 
such that {o^]U)f}) = 5ap for all a,l3 d Ak (in Kumar construction in 10 such a set always 
exists) ; 

• for all A, /i G Ak we write A = /i if {a^; A) = (a^; fi) for all a G A^-; 

• Wk denotes the Weyl group of K w.r.t. Tk, and, for a real root a G ^k, we denote by Sq the 
reflection defined by a; 

• for a standard Levi L relative to Tk,Bk, we set Tl ^ Tk, Bl = Bk n L, hence A^ C A^r, 
Wl C Wk', further C Wk denotes the set of minimal representatives of Wk/Wl; 

• for a parabolic P D Bk, we define Wp = Wl, W^ = W^ where L is the standard Levi of P, 

• for u G Wk, lenght(M) is the length of u with respect to Ak- 

3. Standard monomial theory 
We recall the definition of a standard monomial theory. 

Let A be a commutative k-algebra. Let A be a finite subset of A and let ^ be a transitive antisymmet- 
ric binary relation {t.a.b.r. for short) on A. (Note, <— is not necessarily reflexive.) If ai ^ 02 ^ a„, 
then we say that the monomial ai • 02 • • • a„ is a standard monomial. We denote by §M(A) the set of 
all standard monomials. We say that (A, ^) is a standard monomial theory (for short SMT) for A if 
§M(A) is a k-basis of A. 

The construction of a standard monomial theory often comes together with the description of the 
straightening relations, i.e. a set of relations in the elements of A which provide an inductive procedure 
to rewrite a non-standard monomial as a linear combination of standard monomials. Let us explain this 
in more details. 

Let (A, ) be a SMT for the ring A. In particular, A generates A and we denote by RcIa the kernel 
of the natural morphism from the symmetric algebra S(A) to A. Let M(A) C S(A) be the set of all 
monomials in the set of generators A and let <t be a monomial order which reflnes the t.a.b.r. on A. 
(We recall that a monomial order is a total order on the set of monomials such that: (i) if m,m',m" 
are monomials and m' <t ni" then mm' <t mm" and (ii) 1 <t m for all monomials m ^ 1 (see [5], 
section 15.2).) For any two a, a' G A which are not ^comparable assume that there exists a relation 
Ra,a' £ RelA such that 

Pa, a' — ^ ^ Pa, a' 
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and Pa,a' is a sum of monomials which are strictly smaller than a a' with respect to the order <t. A set 
of relations satisfying these properties is called a set of straightening relations. We have the following 
simple lemma (see [3] Lemma 10). 

Lemma 1. Let (A, ^) be a SMT for the ring A and let TZ — {Ra,a' ■ a, a' e A are not ■(— comparable } 
be a set of straightening relations. Then TZ generates RcIa. 

3.1. Standard monomial theory for flag and Schubert varieties. Let A be the coordinate ring 
of the cone over a generalized flag variety J-" of a symmetrizable Kac-Moody group K. For this type of 
algebras a standard monomial theory has been constructed in [13) and [3] . We recall the main properties 
of this SMT. 

Let C be an ample line bundle over and consider the ring Tjr[C) — 0„^o r(J^, £"). A basis F(>C) 
of r{T,£) has been constructed in [13] together with a t.a.b.r. ^ on this set such that {¥{£), <— ) is a 
SMT for rjr(£). We write simply F, Tjr for ¥{£.), Tjr{£,) when no confusion arises. 

We denote by §M(rt, C) the set of standard monomials of degree n, by §M(£) the set of all standard 
monomials and by M(£) the set of all monomials in the set of generators F(£). For /, /' G F(£) which 
are not i— comparable, the product / /' can be expressed as a sum Pfj' of standard monomials of 
degree two. In a total order <t has been introduced on M.{C) with the properties required in the 
previous discussion of a general SMT, so that the relations Rfj' — f f ~ Pfj' form a set of straightening 
relations. These relations are called Pliicker relations since they generalize the usual Pliicker relations 
for the Grassmannian. 

Furthermore, this theory is adapted to Schubert varieties. Let 5 C be a closed iJi^-stable subvariety 
and set Ts{£) — ®n^o^(^' ^^Is^' denote by r : Tjr{C) — > ^s{£) the restriction map, let Is be its 
kernel and define ¥s{C) = {a E ¥{C) : r{a) ^ 0}. Then the set {r(a) : a e ¥s{C)} with the t.a.b.r. 
induced by the t.a.b.r. of F5 realizes a SMT for r5(£) and the monomials m G §M(£) which contain 
elements not in ¥s{C) form a k-basis of I^. We define also a "restriction" map, that we also denote 
with the symbol r : S(F) — > S(F5) by sending to zero all the elements of F \ F5 and we notice that the 
restrictions r{Rfj/) G S^(F5) of the relations Rfj' to iS, for /, /' G F5 which are not ^comparable, 
form a set of straightening relations. Summarizing we have: 

Theorem 2 ([15). 

i) (F, <— ) is a SMT for Tjr, and the relations Rfj' for f,f'E¥ which are not ■(— comparable form 

a set of straightening relations. 
h) ({r(a) I a G F^},^) is a SMT for Ts, and the relations r{Rfj,) G S'^{¥s) for f,f' G F5 

which are not ^ comparable form a set of straightening relations. Moreover, the kernel Is of 

the restriction map has a h-basis consisting of the set of all standard monomials which contain 

elements not in F5. 

The elements of F are eigenvectors for the action of Tk and we denote by weight{f) the weight of 
/ G F w.r.t. the action of Tk- The t.a.b.r. ^ is compatible with the dominant order in the following 
way: if / /' and / ^ /' then weight{f) < weight{f') w.r.t. the dominant order. Moreover F has a 
minimum /o which is a lowest weight vector. 

A Richardson variety is the closure of the intersection of a orbit with an orbit of the Borel 
subgroup opposite to Bk . A SMT for general Richardson varieties has been constructed by Lakshmibai 
and Littelmann [11) . In this paper we are interested in a particular case of this construction, namely 
given a Schubert variety S we will consider the Richardson variety Sq — {y E S : fo{y) — 0}. The 
above described SMT and Theorem [2] for S immediately generalize to Sq by choosing as set of generators 
F50 = F5 \ {/o}. 

3.2. Ridge Richardson varieties and compatibility vi^ith Levi factors. Let L he a finite type 
standard Levi of K and let TZ be an i-invariant Richardson variety. The inclusion ¥'iz{C) C ¥{C) gives 



an inclusion = s^i^) ■ r(7^, /3) — > T{J^,C); this inclusion is not i-equivariant is general, moreover 
even when this map is L-equivariant one can not derive that s^{C^) is L-equivariant for i > 1. 

Let A be the lowest weight of r(J^, C). A L-stable Richardson variety 7?. C is said extremal (w.r.t. 
£) if the lowest weights of the irreducible L~submodules of T{TZ, C) are in the -orbit of A. 

As noted in [3], by the definition of Littclmann basis one has that if TZ is extremal then is L- 
equi variant. 

Now we define a class of L-stable extremal Richardson varieties for which we can describe the coordi- 
nate ring. Let Q be the standard parabohc such that J" = K/Q, let wq, wi, ■ • ■ , G be a sequence 
of minimal representatives with the following properties: 

• wq ^ e, Wh ^ s^^UhWh-i with S Aif \ and m G Wl for /i = 1, 2, . . . , £; 

• lenght(wh) = 1 + lenght(ii?i) + lenght(w/i_i) for /i = 1, 2, . . . , ^; 

• setting Xh = -Wh(A), we have (7^ > A/i) = -1 and (7^, A,,) for all 7 G Ak \ and 7 ^ 7,,, 

• Uk{Xh) = Xh toT ^ k ^ h. 

Define r as the minimal representative of wlWi, where wl the longest element of W{L); let S = 
BrtQ/Q be the Schubert variety of corresponding to r. The following theorem is proved as Theorem 
39 in g. 

Theorem 3. With the above introduced notations we have: the Schubert variety S is extremal, L-stable 
and, moreover, for all n ^ we have 

ns,n= v7^,+A.,+...+A.„ 

as L -modules. 

If L C Q then the lowest weight vector /o of r(5, C) is an L-eigenvector and the Richardson variety 
So is L-stable. So we have the following corollary (see Corollary 40 in [4]). 

Corollary 4. The Richardson variety Sq is an L-stable extremal Richardson variety and for all n ^ 0, 
as L -modules. 

We call iSo the ridge Richardson variety defined hy wq, ... ^wi. 

4. Pluckerization 

In this section we propose a general pattern for determining a SMT and the straightening relations of 
the coordinate ring of a spherical homogeneous variety. This method docs not always work, nevertheless 
it works in some interesting cases we present in the next sections. We call this method pliickerization 
since it reduces the computation of the relations of a ring to the Pliicker relations for a generalized flag 
variety. The main ingredient is the introduction of a bigger group of symmetries into the problem. 

In what follows we denote by G a fixed semisimple, connected and simply connected algebraic group, 
g its Lie algebra and G — > G an isogeny. We denote all the objects defined in Section [2] to j etc. 
simply by t, b, etc. without the subscript G. The fundamental weights of g will be denoted by Wq, a G A. 

Let H be an algebraic subgroup of G, X = G/H and A the coordinate ring h[X]. We assume that 
X is spherical, so every irreducible representation appears in A with multiplicity at most one. Let 
riJi = {A G A+ : ^ 0} so that A ~ 0;^gQ+ as a G-module. If M and A'' are vector subspaces of 
A we denote by M • A^ the vector space spanned by the products m ■ n with m E M and n G A^ in the 
ring A. 

In order to develop our method we need to assume various hypothesis on A that we denote by Hpl, 
Hp2,... First of all notice that fij^ is a submonoid of A; we assume 
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Hpl: rt^ is a free monoid and we denote with ei,e2, ■■■,££ its basis. 

We define Aj as the sum of ah modules with A = J^i ^i^i ^"^^ '^i — J ^^'^ ^'j = ®j<j ^i- Notice 
that, being X irreducible, the product ■ V* in the ring A contains V^_^_^. Hence A - • A^ = A'^+j, and A 
is generated by Ai as a k-algebra. Our aim is to describe the ring A with respect to this natural choice 
of generators. We denote by RcIa the kernel of the natural map ip : S{Ai) — > A. 

The heart of our assumption is the existence of a Richardson variety whose coordinate ring is isomor- 
phic to A as a G-module. Let K be a Kac-Moody group which contains G as the scmisimple part of a 
Levi factor L. Let Bk be a Borel subgroup of K such that Bk DG — B, Tk C Bk a maximal torus of 
K containing T, Ak the set of weights of Tk, 3 A the set of simple roots of K w.r.t. these choices 
and Aq A/f \ A. Let Q be a parabolic of K containing G, F = K/Q the associated generalized flag 
variety, C an ample equivariant line bundle on J- and TZ <Z J- a, G-stable ridge Richardson variety w.r.t. 
L. Finally let : T{JZ, C) — > r(J^, C) be the map induced by the SMT as in the previous section. Our 
main hypothesis is the following: 

Hp2: for all i we have At ~ r(7?., as G-modules, in particular A ~ Ftj. 

In order to relate the ring Ftj. and A we need also the following assumptions 

Hp3: there exists a G-equivariant morphism of k~algebras ip : Tjr — > A. We define ipi = '■p\-^^-p ^iy 
Hp4: <f ^ (fi o s'^ : T{TZ, C) — > Ai is an isomorphism of G-modules {<f is G-equivariant since 72. is a 

G-stable ridge Richardson variety) . 
Hypothesis Hp2, Hp3 and Hp4 allow to relate the ring A and the SMT for TZ and the Pliicker relations 
for J". Let Z* = F( J", C) and let (F, ^) be the SMT for Fjr explained in the previous section and C F 
the subset of elements not vanishing on TZ. We keep the notations of Section 13.11 For m G M we define 
5m = (p{m) G A and Go = {.9/ '■ f G Fo}. On Gq we define the same t.a.b.r. of F; that is gf -f- gf if and 
only if / <— /'. In order to avoid possible confusion between expression in S(Go) and elements in A, we 
introduce the ring k[u\ = k[M/ : / G Fo]. If m = fi ■ ■ ■ fg G Mo let Um "/i ' ' ' ""/s be the corresponding 
monomial in k[u]. By Hp4, Go is a basis of Ai so S(Ai) = k[u] and the map ip : k[u] — > A is given by 
= 9f- 

Notice also that by hypothesis Hp4, by being TZ a G-stable ridge Richardson variety and by the results 
of Section we have a partition Fo = Y[l=i ^o{£i)\ where Fo(ei) is a basis of a G-submodule of Z* 
isomorphic to V*. . 

We now introduce an order on G-modules and some compatibility conditions with a G-stable decom- 
position of Z*. The space Z* = r{T,C) is an integrable lowest weight irreducible representation of K; 
let ( be its lowest weight and /o G F a lowest weight vector in Z*. Let G be the identity component of 
the subgroup of elements of Tk which commute with G. 

We can decompose Z* into isotypic components w.r.t. the action of G, these are described as follows: 
if ?7 G N[Ao] we define Z* as the subspace generated by all Tjf-weight vectors whose weight is equal to 
C + V + 1 with 7 G N[A]. These subspaces are finite dimensional and G-stable. If 77 = X^qgAo '^"'^ 
define hto{f]) = X) and we set Z * = Z * where the sum is over all the elements 77 G N[Ao] such that 
hto{r]) = n. 

In our application we define an additive map gr : fij^ — > N such that the following properties hold. If 
AI is any G-module and n G N we define Afg|.<j„ as the sum of all isotypic components of type with 
A G and gr(A) ^ n. We make the following hypothesis: 

Hp5: For all X,^i,v e n+ if V* C Cg) V* then gr{v) gr(A) + gr{fi). 

Hp6: For all n G N if M is a G-irreducible submodule of Z* of highest weight A G i}\ then gr(A) ^ n. 
Further, equality holds if and only if either n ^ £ and M is the span of Fo(£,i) or n = and 
M = k/o. 

Notice that a combinatorial condition which implies Hp5 is the following: for all A, /x, 1/ G ilj^ if 
v ^ X + fi then gr(!^) ^ gi'(A) +gr{^). Let ua be such that gr{ei) ^ ua for all i. Under Hp5 we have that 
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^gr^ri • ^grsSm C Agr<^n+m and if n, 771 ^ 7iA thcn Agr^„ • Agr^m = Agr^n+rn- SincG TZ is irreduciblc, the 
same properties hold for (r7^)g|.<j„ too. 

We introduce on h[u] a degree according to the map gr: for / e Fo(ei) set the degree of u/ equal 
to gf{si) and denote by gr(r) £ N the degree of an element r in k[u]. If m,m' € Mq, then we define 
Urn Urn' if either gr(wm) < gr(um') or gr(Mm) = gr(um') and to <t m' . The last hypothesis is the 
following 

Hp7: gr(ei) < gr(e2) < • • • < gr(ei?). 

Notice that this hypothesis implies that the order -<t is compatible with the order on Gq. 

We are now ready to introduce the straightening relations. If /i,/2 G Fo are not ^ comparable let 
^/i,/2 = /1/2 — -P/1./2 € S^(^*) be the straightening relation for Tgr. Applying ip to this relation we 
have a relation on the ring A. However the polynomial -P/1./2 is not just a polynomial in the variables 
Fo but also in other variables in F. Let F2 be the subset of F which span Z* with n ^ 2nA- Let 
F3 = F2 \ Fq. Since the relations are Tr— homogeneous (hence C-homogeneous) the polynomial -P/1,/2 
can be written as P? , + P, , where P° is the sum of all the monomials whose variables are in Fn 
and is a sum of monomials whose variables are in F3 or mixed in Fq and F3. For some applications 
(mainly to describe an equivariant deformation of A to Tn ), it will be convenient to change the basis 
F3. The span of F3 is G-stable but the basis is not compatible with the decomposition of Z* in G- 
submodules. Let Fi be a basis of Tr- which span the same subspace than F3 but that is compatible with 
the decomposition of Z* into G-submodules. So we can consider also as a combination of monomials 
in the variables Fi or mixed in Fi and Fq. For each / G Fi let A/ G A such that the G-module generated 
by / is isomorphic to V^^. If Xf ^ n\ then (p{f) = and, on the other hand, if A/ = '^^aiSi then the 
multiplication • . . y^*"' contains the module V^^, hence there exists a polynomial Ff{u) G k[u] with 
gr(F/(u)) = gr(A/) such that V(P/) - <^(/). 

Remark 5. Notice that, once we know ip{f), the computation of the polynomial Ff does not depend on 
the knowledge of the multiplication in the ring A but only on the projection S^^ {V*^ ) ig) ■ • ■ Cgi S"** (V^* ) — > 
V^^, which, up to a non zero scalar, is uniquely determined by the requirement to be G-equi variant. 

Now we define the polynomial Pj?^ /2(") ^^"^ -^/i /2(") I^M. The polynomial P° is obtained from P" 
just by replacing the variable / G Fq with Uf, and the polynomial P^ is obtained from P^ by replacing 
the variable / G Fq with Uf and the variable / G Fi with P/(u). The straightening relation is then 
defined as 

Rfl-hi-u) = Uf, Uf, - Pf,j^iu) - P],j^{u). 

Theorem 6. //Hpl, Hp2,...,Hp7/io/(i then 
V f'^^ /ij/2 G Fq not comparable the relations P/i,/2(w) is a straightening relation w.r.t. -<t. 
a) (Go,^) is a SMT for A. 

Proof. Let /i G Fo(£i) and /2 G Fo(£j). The relations P/1./2 are Tr— homogeneous. By Hp6 this implies 
that P^ is homogeneous w.r.t. gr with degree equal to gr(£i + Sj) and that gr(P^) < gr(ei + £j). This 
immediately implies that P/1./2 ^ straightening relations w.r.t. -<t. 

Hence the monomials gm with to G SMq generate A as a k- vector space. We want to prove that 
they are a basis. Notice that {gm ■ rn G Mq and gr(um) ^ n} spans ^gr^n for every n G N and, using 
that R are straightening relations, it follows that {gm ■ to G SMq and gr{um) ^ n} spans Ag^s^n for 
every n G N. Similarly, since TZ is irreducible, {Tfi)gr<^n is spanned by {to G SMq and gr(um) ^ n} and 
moreover these are linearly independent elements. Now the thesis follows since (r7j)g|.^„ and Ag|.^„ are 
finite dimensional and, being isomorphic as G-modules, they have the same dimension. □ 

We want to remark that in our previous paper [3] the proof of the existence of a SMT was wrong; inded 
we tacitly assumed that the map T-jz — > Tjr induced by the standard monomial theory is G-equivariant 
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which was not the case. Under that assumption we could prove the existence of a SMT independently 
of the existence of straightening relations. The proof of the straightening relations is, even if stated in a 
slightly more general setting, the same we gave in |3] and, as seen above, they imply also the existence 
of the SMT. 

Corollary 7. There exists a two steps k* x G-equivariant flat degeneration of A to Tn. 

Proof. Let S = BkTI be the smallest Schubert variety containing TZ and let its ring of coordinates. 
Since 7?. is a ridge Schubert variety we know that Ftj = Ts/lfa). The function ^p{fo) is G-invariant (since 
G C Q) so it is a constant function; let it be equal to c G k. Let B = T s / {fo ~ c) . It is clear that the ring 
B can be deformed to T-ji in a flat and k* x G-equivariant way. We exhibit now a k* x G-equivariant 
deformation of A to B. If / G Fi let Vf be a new variable and if / G set either xf = n — gr(A/) if 
A/ G and x/ otherwise (for the definition of A/ see the paragraph before Remark [5]). By Hp6, 
Xf > for all / G Fi \ {/o}. 

Consider now the polynomial ring k[w, v, t] in the variables Uf with / G Fq, Vf with / G Fi and t. For 
/i: /2 G Fq not comparable let i?^^ j^{u,v) be obtained from -R/^./a by replacing / with either Uf if 
/ G Fq or with w/ if otherwise / G Fi. Consider the quotient D of k[u,w,i] by the ideal generated by 
the polynomials R'^^ j^{u,v) for /i,/2 & Fq not <r- comparable and by the polynomials Vf — t^fFf{u) 
for / G Fi. Notice that on D there is an action of G, indeed the ideal generated by the polynomials R' 
is G-invariant since TZ is G-stable and the ideal generated by relations Vf ~ t^f Ffiu) is invariant since 
Ff is induced by the G-equivariant projection S"-^{V*^) ® • • • S"-''{V*J — > V^^. On D there is also an 
action of k* defined hy z ■ Uf = ri{z) Uf, z ■ Vf ^ ^""'^Z f ^ ^^"^ z - t ^ zt. 

Finally for a G k^" let Da = D/{ta — Ua for a G A) and notice that Dq ~ B and _D(i ~ A by the 
previous Proposition. 

The flatness of the deformation follows by Hp2. □ 

5. The case of model varieties 

In this section we explain how to construct K and TZ for the model varieties of SL(n), S0(2?t, + 1) and 
Sp(2n). The construction we are going to see is a generalization of the one we gave in [J for symmetric 
varieties with restricted root system of types A, B, C or BC. This approach has some general pattern 
that we want to make evident here and we hope that, with few variations, it could be applied also in 
other cases. 

Let us recall our construction for symmetric varieties whose restricted root systems is of type A, B, 
BC or C, in the context of the general approach of this paper. In [4] we used the following two main 
properties for the construction of K and TZ. If we properly order the weights ei, . . . , then 
Syml: (Lemma 41 in [3]) For 1 ^ i ^ £ — 1 there exists Ui ^ W such that UiSi = e^+i — ei. In particular 

Fe^^j appears with multiplicity one in V^. (g) V^^ ; 
Sym2: (Corollary 20 in f?) V*.^^ C V*^ ■ V*. in the coordinate ring A of the symmetric variety, for 
i = 1,...,^- 1. 

The second property is related to the Dynkin diagram of K being constructed by adding a single node 
(associated to the root ao) to the Dynkin diagram of G. While the first property allows to define a ridge 
Richardson variety with the required properties by setting wq = id, wi = Sq,, and w^+i = Sa^UiWi for 
i = 1,2,...,^- 1. 

We want now to briefly see how the various hypothesis Hpl,...,Hp7 are stated in [4,. Hpl follows by 
the description of spherical weights in Section 1 in [4]). The hypothesis Hp2, Hp3 and Hp4 follow by 
Corollary 40, Lemma 43 and Theorem 42 respectively in [4]. The map gr is defined by gr(£i) ~ i, so 
Hp7is clear, and for Hp5 one may look at the remark before Proposition 35 at page 322 in [3] since, 
with notation as in Hp5, A + /i — is a rational non-negative linear combination of simple roots of the 
restricted root system. Finally Hp6 follows by Corollary 37 in [3]. 
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In the case of model varieties property Syml holds without any change while property Sym2 is not 
true any more. Before giving the details of the construction of K and TZ for model varieties we recall 
some properties of these varieties. 

5.1. Model varieties. A homogeneous model variety for a semisimple group G is a quasi afhne variety 
whose coordinate ring is the sum of all irreducible representations of G with multiplicity one. These 
varieties were studied by Gelfand and Zelevinsky in [Sj [71 [1] . In particular for a homogeneous model 
variety G/H we have Vt\ — A J. 

As proved in |14j . for a simple group G of rank r there exist 2^ homogeneous model varieties up 
to isomorphism and there exists exactly one model variety such that all the other model varieties are 
degeneration of this variety. We want to describe a Pliickerization of the coordinate ring of this variety 
in the case G = SL(£ + 1), G = S0(2£ + 1) and G = Sp(2£). We denote by G the universal cover of G 
and by H the inverse image of -ff in G so that X — G/H = G/ H . If we order the Dynkin diagram of G 
as in Bourbaki, we can choose a basis of Vl\ as follows: Si = uji for all i but i = I and G = S0(2£ + 1) 
where we set ei = 2cj£. In particular Hpl is satisfied. 

We denote by hi an if-invariant non zero element of . We now describe H , and hi case by case. 

5.1.1. SL(2n + 1) . Here I = 2n\s even. Let W be an n-dimensional vector space and setV = W ® W* ® 
Cw. Let aw be the standard symplectic form an.W ® W* and extend it trivially to V . In this case we 
have G = SL(F), H = {g € G : g{v) — v and g ■ aw — aw}- 

We have hi — v, h2 — aw £ A'^V , h2i = h!^^ for i = 1,2, ... ,n, and /i2i+i — hi A /i2i for i — 
1,2,. 1. 

Notice also that in this case the model variety G/H is isomorphic to the symmetric variety SL(2n + 
2)/Sp(2n + 2). 

5.1.2. SL(2ri). Here ^ = 2n — 1 is odd. Let V" be a 2n-dimensional vector space and fix a non degenerate 
symplectic form ay G A^V and a non zero vector v € V. Then H = {g £ SL(2n) : gv = v and 
g ■ av ^ av}- 

We have hi — v, h2 — ay & A^V, h2i — h^ '^ for i = 1, 2, . . . , n — 1, and /i2i+i = hi A h2i for 
i = 1, 2, . . . , n — 1. 

5.1.3. S0(2£ + 1). Let W be an ^-dimensional vector space and set V ^ W ®W* ® Cv. On V define 
a non degenerate bilinear symmetric form hy such that W and W* are orthogonal to v and such that 
onW® W* the symmetric form is induced by the pairing between W and W* . Let also aw be the 
standard non degenerate symplectic form onW ® W* and extend it trivially to V. In this case we have 
G = SO{V, by) and H = GL(W^) acting naturally onW (B W* and trivially on v. 

Notice that we have V^^ = A^V, for i = 1, 2, . . . , £, and also hi = v, h2 = aw G A'^V, h2i = fo'^ 
1 = 1,2,..., and ft.2i+i = hi A h2i for i = 1, 2, . . . 

5.1.4. Sp{2£). If £ is even let Wi and W2 be two ^-dimensional vector spaces while, if £ is odd, let Wi 
and W2 be two vector spaces of dimension £ -\- 1 and £ — 1, respectively. Fix two symplectic forms awi 
and aw2 on Wi and W2; let V = Wi © W2, ay = awi + 0'W2 and G = Sp{V,ay). Choose a nonzero 
vector V in Wi and define -ffi = {<? G Sp(awi) : g{v) — v} and H2 = Sp(avK2)- Then H ^ Hi x H2. 

Notice that A'V ~ ay AA'-'^V ®Ve^, for i = 1,2, ... ,^-1; we denote by iti : A* — > Ve, the projection 
onto the second factor. 

We have hi = w, /12 = TT2{awi), h2i = 7r2i(a(^J, for i = 1,2,..., and /i2,;+i = TT2i+i{hi A aw J for 
i^l,2,... 

We have the following properties similar to Syml and Sym2. 

Lemma 8. If G/H is one of the above described model varieties then 
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Modi; C Fg®' with multiplicity one and V^^ ^ V®^ for j < i; 
Mod2; K* , „ C V* ■ V* and V*. rV* - V*. in the coordinate ring A; 

Mod3; for all i there exists an element Ui in the Weyl group W such that UiSi ~ e^+i — £i. More precisely 
we may choose Ui — S1S2 ■ ■ ■ Si. 

Proof. Property Modi and Mod3 are a straightforward computation. 

In order to prove property Mod2 recall that if A, ^, ^ S and p ■ V\ (>^Vf_i — > W is the projection 
on the isotypic component of type V^, then the condition VJ C ■ V* in the coordinate ring of G/H 
is equivalent to p{V^ (g) V^^) ^ 0. 

Notice also that for SL(^ + 1) and S0(2£ + 1) and A = e^, fi — ej and u = e-i+j with i + j ^ i, the 
projection p is given by p{x (S> y) = x A y; further for Sp(2^) and X — Si, ^ — ej and v — Si+j with 
i + j ^ ^ the projection p is given by p{'Ki{x) ® TTjiy)) = TTi+j{x A y). Hence property Mod2 follows from 
the description of the elements hi given above. □ 

5.2. Construction of K. Let A — {ai, . . . , ai} be the set of simple roots of g numbered as in Bourbaki. 
For the construction of K we consider the Dynkin diagram of G and we add two nodes so that Aq — 
{ao,/3o}- This choice is suggested by the fact that, by property Mod2, hi and /12 generate all the 
invariants. We connect both nodes to the node corresponding to the simple root ai. However in the 
next Section we see an example where we make a different choice. Notice that K is symmetrizable. 

Let L be the Levi whose simple roots are given by A and let C be its center, as in Section 01 For 
an element r] G Z[Aq] we can consider the associated eigenspace in K for the action of G as we have 
explained in Section|4]for the module Z* . We define ^~ as the sum of the eigenspace for 77 G — N[Ao]. 

The inclusion A C Ak determines an inclusion of A into Ak- However this inclusion does not send 
fundamental weights to fundamental weights. We denote by oji, . . . , oj^ e A the fundamental weights 
of g w.r.t. A and by Wctg, 01^^,0)1, . . . ,u;i G A^^ a choice of fundamental weights for Ak as explained in 
Section [21 If A = ^ aiUJi is an element of A we denote by A G Ak the element OiUJi. 

Lemma 9. 

i) Sio = Q + tK; 

a) K~ is generated by M.-ao andM.-p„; 
Hi) K-ri — -S*, CLS a G -module, 
iv) ^-aa — ^-Po — Vei OLS a G-module; 

v) the G~module V^^ appears in ^^ao-i3o with multiplicity one. 

Proof, i) and ii) are trivial. The Tk character of .ft,, is obtained from the character of ^^^i by composition 
with the involution t ^ t^^ , so Hi) follows. 

We prove iv) in the case of ^^ao , the proof for .ft-^o is analogous. Let fa^, , f^^ , fi , . . . , f^ be root vectors 
of weight — ao, — /3oi ^0:1, ■ • ■ , —cte- We prove that f^j, generates ^-ao ^ G-module. Indeed ^-^ao is 
generated by vectors y of the form [fi^ , . . . , [fi„ , [fao , [fji , • ■ • : i^h-i , fjj • ' • ] where ih,jk e {!,...£}. In 
particular if we set x = — [fj^ , . . . , , fjj,] • ■ • ] we have y — [f^^ , . . . , [f^^ , [x, fao] ■ ■ ' ] which is in the 
G-module generated by fao ■ Finally notice that fao is a highest weight vector of weight ei for the action 
of G. 

We now prove v). The weight 70 == ao + /3o + Q^i = 1^0,^ + ujp„ — £2 is a real root of M.. Let y e be 
a non zero element of weight —70. In particular y G R^ao~i3o is & highest weight vector of weight £2 for 
the action of G, hence V^^ appears in A^ao-Pa with non zero multiplicity. Moreover all roots 7 G 
which appear with nonzero multiplicity in the space ^-a„-i3g are of the form 7 = —70 — rj with r/ G N[A] . 
Hence all other possible G-highest weight vectors in A-ao-^Q have a weight which is strictly smaller 
than £2 w.r.t. dominant order in A. In particular appears with multiplicity one in M.-ao-i3o. Q 
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5.3. Construction of TZ. Let Z be the irreducible highest weight module of highest weight ajctQ. Let Q 
be the maximal parabolic of K corresponding to the root ao- Let F = K/Q and let C be the line bundle 
on F such that T{F, C) is isomorphic to the dual Z* of Z. 

Define wq = id, wi = Sao, W2i = Si3gU2i-iW2i~i and W2i+i = SagU2i'W2i for i = 1,2,... where 
ui,U2, ■ ■ ■ are the elements which appear in the above property Mod3. Notice W2i+i{i^ao) = ^2i+i ~ i^ao 
and W2i+i{oJa„) = £21+1 — z = 1, 2, . . .; in particular we can associate to wq, wi, . . . , Wm a ridge 

Richardson variety TZ such that Hp2 is satisfied. 

We define gr(£i) = i and we extend it by linearity to we have gr{ai) — for i = 1, 1 and 

gr[at) > 0. In particular Hp5 is satisfied. Notice also that gr(ei) < • • • < gr{ei), so Hp7 is satisfied too. 

Lemma 10. 

i) Hp6 is satisfied; 

a) if V\ C R-a(,~i3o ^ £ '^'^'^ g''('^) ^ 2 t/ien A = £2; 

iiij if V\ C .S-aao-b/3o ^ ^ ^"•'^ g''('^) ^ « + & ^/ic'^ («, G {(0, 1), (1, 0), (1, 1)}. 

Proof. Notice first that by Lemma IHIm), Hi) and iv) we have a surjective G-equivariant homomorphism 
from (V/J®" to Z*. Hence if appears in Z* as G-submodules then gr(A) < n. 

Notice also that the span of F(£„) is isomorphic to V*^^, hence in this case we have gr(£„) = n. 

Let now M ~ be a submodule of with gr(A) = n. Consider the Levi subgroup Lk whose simple 
roots are ao, /3o7 • • ■ : and let U be the L^f-submodule of Z* generated by the lowest weight 
vector /q. This is an irreducible representation of Lk of lowest weight — (Dq^. Consider also the Levi 
subgroup Lg of G with simple roots ai, . . . , ag-i- 

As above, by Lemma [9] m). Hi) and iv), we know that appears with non zero multiplicity in 
(y/J®", hence A = nei — 7 with 7 g N[A]. Furthermore since gr(A) = gr(n£i) and gr{ae) > we have 
7 G N[q;i, . . . , a^-i]. So there exists a vector in Z* of weight ~fi G Ak such that fi = X, moreover 
~ M — 7 + '^'^0 + bf3o with a + b = ji. Since ai does not appear in cJqq — fi, ~ii is a weight of a non 
zero vector of the module U and it is non positive against ,0^ , ■ ■ ■ , ct'g-i- 

Finally notice that the semisimple part of Lk is a group of type D^+i and [/ is a spin module. This 
is a minuscule module, so /i must be in the orbit of CoaQ for the Weyl group of Lk- Being fj. dominant 
with respect to ,0^, ■ ■ ■ , a simple computations shows that it must be equivalent to one of the 

following weights w.r.t. the relation = 

The condition a + b = n gives n ^ £ and either A = if n = 0, or A = a;„ if < n ^ ^. Further notice 
that /i — WnijJao: SO the module M is the G-niodule spanned by F(£„). This proves i). 

We now prove ii) and Hi). Let V\ C ^-aao-bPo with gr(A) = a + b. Then there exists a root 6 € ^k 
of the form aag + 6/3o + 7 with 7 G N[A] and 7 —A + (a + b)ei. From gr(A) = a + 6 we see that the 
root ai does not appear in 7. In particular 5 is a root of a root system of type D (notice however that 
this system is not numbered in the usual way). We immediately deduce that a ^ 1 and 6^1. The case 
a = or 6 = is setted by Lemma [5] point iv). We now study the case a = b = 1. Wc notice that the 
pairing of 7 with a2 , ■ ■ ■ ,ai must be non positive. From the explicit description of a positive root in a 
root system of type D we immediately deduce that 7 = ai and A = £2. □ 

5.4. Construction of (p. The strategy we use is a generalization of the one we adopted in [3]. Let 
xq G T he the element fixed by Bk. By Lemma [5] there exists zi G ^-ao and Z2 G Vg^ C R-ag-iSg 
invariant under H. We define z = zi + Z2. The idea is to consider the element exp(z) • xq; since this 
element is 7?-invariant the action of G determines an embedding of G/H in J- and if is defined as the 
pull-back with respect to this map. 

In order to verify all the required hypothesis we need to check some properties. In particular in Kumar 
construction of the group K in [10], the element exp(z) does not exists, and we have to go through a 
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technical detour which is completely analogous to the case of symmetric varieties. For this reason we 
illustrate here the main steps and we refer to [3] Section 5.1 and 5.2 for the details. 

As above let Z be the irreducible highest weight module of weight Wq- Recall that Z is the restricted 
dual of Z* ~ V{T, £), and set Z_„ = Z*. Let z;o be a highest weight vector of Z and let J„ = 0„^„ Z^n 
and /o a lowest weight vector in Z* such that (iiq, /q) = 1. For a subspace Jm <Z Z oi finite codimension, 
the element Xm = e^-Oo G Z / Jm is well defined and is i/-invariant. We can define a map im ■ G / H — 
V[Z/ Jm) by imigH) = gxjn- Since ■ vq is ff-invariant, »m(Cp(z/j„)(l)) is the trivial bundle on G/H. 
Hence it defines a map from the annhilator of Jm in ^* to k[G/H]. We can normalize this map 
by requiring that i^ifn) is the constant function 1. We notice that if m < n ^ then t^ljo — ^nd 
this allows to define a map i* : Z* — > k[G/H]. Finally, as proved in Lemma 43 [4], we see that the 
symmetric power of i* from S{Z*) to Ik[G/if] factor through a map cp : Tjr — > k[G/H]. Hence Hp3 is 
satisfied. 

5.5. Verification of Hp4. By the construction of TZ and by Hp6, for i = 1, . . . ,1, there exists a unique G- 
submodule of Z-i isomorphic to . We denote this module by A/_i and we denote by qi : Z^i — > M^i 
the projection onto this factor. 

Lemma 11. Let a = ^ a; and 6 ^ 6i then 

■ \ / ai fci a™ bjn \ f a h \ 

i) qniz^'z^' ■ ■ ■ z^"^z^ ■ uo) = q-n\,zlzl ■ Wo); 
921(2:1 ^2 • Wo) — /or a 7^ or b ^ i; 
in) 921(4 • Wo) ^ 0; 

<72j+i(2i zl-vo) = Q for a^l or b ^ i; 
v) q2i+i{zi z\ ■ vo) / 0. 

Proof. We decompose Z according to the action of C as we did for the Lie algebra R: so Z-aag-bpo 
is the span of the Tr— eigenvectors of weight of the form ujq — aao — &/3o — 7 with 7 G N[A]. We have 
Z-n = ®a+b=n^~<^ao-bp„- Further A/_2i C Z^iao^t/jg and M_2i-i C ^-(i+i)ao-i/3o In particular 
g2j(4'4' - Wo) = if (a, 6) ^ (0,i) and q2«+i(2?^Z2' ' ' ' ' ^o) = if {a,b) ^ This 

implies ii) and iw). 

By the previous remark, i) is proved if we show that 

qn{z^^Z2^ ■ ■ ■ [zi,Z2] ■ ■ ■ z1"^zl"^ • ^o) = 

under the assumption ^ + 2 ^ 6^ + 3 = n. If this is not the case we would have a non-zero, hence 
surjective, G-equivariant map 

given by 

Xi ® X2 - ■ ■ ® Xr I g„(xi • X2 • • ■ Wo). 

However by Lemma [TU] iii) and Hp5, T^,^ is not a submodule of .ft?"^^ ® -^^ao-^o ® ' ' ' ■^-2ao-/3o 
. . . obtain a contradiction. 

We now prove iii) and w). We order the weights in N[A] with a complete order in such a way 
that cko + /3o >* «o >* /3o- For any non increasing sequence of weights 771 >$ 772 • • • >$ we can 
consider the G-equivariant map 

given by 

Xi® X2 - ■ • ® Xr I > qn{Xl ■ X2 ■ ■ ' Xr ■ Vq) ■ 

By Hp5, and Lemma 1101 iii) and by (/Jg ,Wq,q) = 0, this map is zero if rji ^ {aQ,ao + /3q} for some i. 
Hence, using that Z is generated by wo, the maps 

i??l„_^„®i^-aO^M-2.-i and ^ M_2i 
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defined as above are surjective. This implies, in turn, that the map 

K_ao-Po ® — > M-n given by x u i-^ q„(x • w) 

is surjective. Denote by N the unique G-submodule of K^ao~Po isomorphic to V^^ and let r„ : iV 
M-n+2 — > be the restriction to N of the last map above. By Hp6, Lemma [TU]Mi) and 

Hp5, M-n is in the image of r„. Further by property Modi we know that V^^ appears with multiplicity 
at most one in V^^ ® V^„_2- Hence r„ is the projection onto the isotypic component of type of 
® V^_„+2 ^^'^ it is uniquely determined up to a non zero scalar factor. 
We now proceed by induction on i. For i = 1 the statements are clear since (q!o,Wqo) 7^ and 
((ao + 0:1+ /3o)^,'^ao) 7^ 0- Let n be either 2i in case in) or 2j + 1 in case v). If n > 3 we need to 
prove that r„(/i2 • 7^ where hi is a non zero _ff -invariant vector in I4. . Now as already noticed 

r„(/i2 • 7^ is equivalent to property Mod2. □ 

We can finaly verify Hp4. 

Lemma 12. Hp4 is satisfied. 

Proof. Let Bn be the span of F(£„). By what recalled in Section [5^ s^ gives a G-equivariant isomorphism 
between T{TZ,C) and 0^=iSn, moreover Bn — V*^ as a G-module. Hence to prove that ipi is an 
isomorphism it is enough to prove that i*{Bn) ^ 0. This is equivalent to qiie''' ■ vq) 7^ and this follows 
by the previous Lemma. □ 

6. Another class of spherical varieties 

In this section we apply our method to another class of spherical varieties, listed as (15) in the paper 
[2] page 656. Let 2 ^ j) ^ n — 2,V = U ®U* ®W ® 'Cv with \J a vector space of dimension p, W a 
vector space of dimension 2n — 2p. Let i? be a symmetric non degenerate bilinear form on V such that 
{U ® U*) (B W (B Cv is an orthogonal decomposition of V and B restricted to U ® U* is the natural 
symmetric bilinear form on this vector space. 

For this example G — SO{V, B) 2± S0(2n +1), further H is the subgroup of the elements g ^ G such 
that g{U) = U and g{v) = v. For this spherical variety fijj is the free monoid generated by the weights 
ei = wi, £2 = and £3 = Wp+i. The ff-invariant /li G V^, , i = 1, 2, 3, are described as follows: hi — v, 
/i2 is a non zero vector of Kp{U) C Kp{V) and h^ — hi Ah2. The following Lemma can be easily checked. 

Lemma 13. For the spherical variety G / H we have: 
Sphl; C ® Vujp-i with multiplicity 1 and V^^ C (g) V^-^ with multiplicity 1; 
Sph2; C • coordinate ring ofG/H; 

Sph3; ui = Sp_iSp_2 • • ■ S2S1, U2 = S1S2 ■ ■ ■ Sp_iSp are such that uiSi = £2 ~ ^p-i, U2S2 = £3 — £1 . 

We now describe K and TZ. K is the Kac-Moody group whose Dynkin diagram is obtained from the 
Dynkin diagram of G adding two nodes: a node ao connected with ai and a node /3o connected to ap^i. 
Notice that also in this case K is symmetrizable. With the same notation of the previous section we 
have we have the following results analogue of Lemma [5] 

i) M.-aa — Ki sls a 0-module; 

ii) A-fjg ~ VL;j,_i as a g-module; 

iii) M—ao-Po as a g-module and it contains V/^^ with multiplicity one. 

Let Q be the standard maximal parabolic subgroup of K relative to the root ao, J- = K/Q. The 
ridge Richardson variety TZ is defined by wq = id, wi = Sa„, W2 = s^gUiWi, = Sa„U2W2- The grade 
gr if defined by gr(£i) = 1, gr(£2) = 2 and gr(£3) = 3. 

The construction of ip and the verification of the hypothesis Hpl,Hp2,...,Hp7 is completely similar to 
the case of model varieties. 
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Wc have includcid here this example since we believe that our theory may be applied to other classes 
of spherical varieties in a similar way. 
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